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Abstract

In this paper, we have investigated the role of bulk viscosity
in present scenario of the evolution in FRW model universe
in the framework of Lyra's geometry. We derived the field
equations when the source for energy-momentum tensor is
composed of a bulk viscous fluid with cosmic strings. The
Einstein's field equations are solved by assuming a constant
deceleration parameter. In this work, the displacement
vector is considered to be a function of time. The kinematic
and physical properties of the model are also discussed by
using some acceptable physical assumptions of scale factor

for flat, open, and closed universe.
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Introduction

From the theoretical work carried out by most researchers
and experimental evidences, it was proposed that our universe
expanded rapidly just after big-bang within a small fraction
of second. The modern findings in cosmology tell us that the
universe is expanding and accelerating [1-3]. Observations
from type-Ia Supernova [4-7], CMB radiation [8,9] and LSS
[10] are the evidence that the current universe is having an
accelerated expansion, rather than slowing down as predicted
by the big bang theory [11]. Scientists are trying to solve this
accelerating universe by assuming various probabilities. But till
today, they could not arrive at a satisfactory conclusion on such
strange behavior of the universe. The behaviour of late-time
acceleration of the universe cannot be satisfactorily described by
the general theory of relativity, although it is considered as the
most successful theory in describing the early evolution of the
universe. Cosmologists have arrived at two possible approaches
to answer this cosmic accelerating expansion. One of such
approaches is to introduce dark energy which dominates the
universe and has associated with negative pressure. The second

consideration is to modify Einstein's general theory of relativity.

Recently, some of the alternative theories of gravity are studied
by many researchers. Among them, the most significant theories
are the Weyl theory [12], Lyra geometry [13], Brans-Dicke theory
[14], f(R) theory [15] and f(R,T) gravity [16]. Weyl's theory
is a generalized theory of the Riemannian manifold to unify
gravitational and electromagnetic fields. But due to the drawbacks
in integrability feature, this theory could not attract many
researchers. Later, Lyra removed this non-integrability feature
by introducing a gauge function into Reimannian structure.
Many researchers investigated Lyra geometry in four or higher-
dimensional space-time. Aygun et al. [17] showed non-survival of
the massive scalar field for an anisotropic Marder type universe in
the framework of Lyra and Riemannian geometries. Rahaman and
Bera [18] studied Kaluza-Klein cosmological model within the
context of Lyra geometry in higher dimensions. Singh et al. [19]
have investigated five-dimensional homogeneous cosmological
models by considering bulk viscosity and variable gravitational
constant in Lyra geometry. Many prominent researchers [20-
23] have investigated different cosmological models within the

framework of Lyra geometry and modified gravity.

The cosmological study in higher dimensions has become a great
significance in investigating the early evolution of the universe.

For many years, scientists are trying to unify four fundamental

interactions to investigate the universe in the early epoch. In view
of Kaluza-Klein theories, many authors [24-27] have studied
higher dimensional cosmological model. Chodos and Detweiler
[28] showed the possibility of extra dimensions of space. At
the very early stage, all the dimensions (4+1) exist on the same
scale. Later, during evolution, the fifth dimension shrinks and
becomes unobservable. Guth [29] and Alvarez [30] in their
papers presented the cosmological scenario of existing entropy
on a large-scale during compactification of its extra dimension.
The present space-time in 4-dimension can be modeled reverting
to space-time in higher dimensions such that the universe at an
early age can be thought of having more than 4-dimensions.
Yilmaz [31] solved Kaluza-Klein cosmology in five dimensions
for quark matter distribution of the universe attached to cloud
string and domain wall in the framework of general relativity.
Rahaman et al. [32] investigated higher-dimensional string
theory in Lyra geometry. The strong evidence for the concept
of extra dimensions has motivated some researchers [33-37] to

study cosmology in multidimensional space-time geometry.

In the past and in the recent years, some researchers are showing
much interest in FRW space-time geometry because of its spatial
homogeneity and isotropy. At a large-scale structure, the current
universe is represented by FRW models. The FRW metric is
associated with the high symmetry of these backgrounds. Due
to its high degree of symmetry, FRW models give a better
explanation in most of the physical situations and therefore
become useful in dealing with many complicated geometries.
Also, in FRW cosmology, the metric is consistent with the
framework of Mach's principle [38]. Beesham [39] solved
FRW cosmological model using the idea of time dependent

displacement vector field.

In cosmology, to investigate the physical scenario during the
formation of the early universe, the concept of string theory
provides a better understanding of evolution, before particles
creation in the universe. Scientists believed that just after the big-
bang, the universe undergoes a spontaneous symmetry breaking
during the phase transition which results in a topological stable
defect called cosmic strings. Cosmic strings are the main source
in rising density perturbations that are responsible for galaxy
formation in the early universe [40-42]. Also, the bulk viscosity
mechanism in cosmology describes the present scenario of
high entropy and accelerated expansion of the universe. At an
early epoch, the coupling of neutrinos disappears, and matter
distribution in the universe act as a bulk viscous fluid [43].
The bulk viscous fluid is associated with the transition from

massive superstring models to fewer models, the occurrence of
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the gravitational string, and the effects of particle creation in a
GUT era. Hence, the study of one-dimensional cosmic strings
together with bulk viscous fluid has become an important
subject in investigating cosmological models. The study of bulk
viscous string cosmology in higher dimensions in Lyra manifold
was started by Mohanty et al [44]. Reddy et al. [45,46 ] studied
Kaluza-Klein cosmology with bulk viscosity and string in five
dimensions in the modified theory of gravity. Vidyasagar et
al. [47] have discussed a Bianchi-type universe filled with the
same type of matter in Brans-Dicke theory of gravity. Naidu
et al. [48,49] investigated a different class of Bianchi universe
with bulk viscous cosmic string in the context of both in f(R, T)
gravity and in the scalar-tensor theory of gravitation formulated
by Saez and Ballester [50]. Reddy and Kiran [51] in their paper
found that bulk viscous string cosmological model cannot exist
in Bianchi type III space-time in f(R, T) gravity, while in general

relativity this reduces to vacuum model.

Motivated by the above kinds of literature, in the present work,
we investigate the role of bulk viscosity in Friedman-Robertson
Walker (FRW) model universe in a higher dimension in Lyra
geometry. We consider one-dimensional cosmic string along
with bulk viscosity as the source for energy-momentum tensor.
The paper is presented as follows. In section 2, we presented field
equations by higher dimensional FRW metric in Lyra geometry. In
Section 3, we solve the field equations with some acceptable physical
assumptions of scale factor for flat, open, and closed models in
three different cases. Kinematic and physical interpretations are

given in Section 4. Section 5 has a concluding remark.
Metric and field equations

We consider Robertson-Walker metric in five dimensional

space-time in the form

ds? = di? — R¥(t) [

+r2(de? + sinfedp?)| — SO d¥ (1)

Where £(t) is the scale factor of the universe, k = 1, 0, —1 for
space of positive, vanishing and negative curvature representing
closed, flat and open models of the universe respectively. The

fifth co-ordinate ¥ is also assumed to be space like coordinate.

The Einstein field equations based on Lyra's geometry in normal

gauge is given by Sen [52] as

3 3
Gij +5¢:b; — ;.grj"i’k‘i’k = =T (2)

1 3 3
Rij —SRgi; +5¢:9; _;gu¢’k¢’k =Ty

., BEG N
with % The first two terms of eqn. (1) are Einstein tensor &;; ,
e
¢b; is the displacement vector and other symbols have their usual
meaning as in Riemannian geometry. The time like displacement

vector @; in Eqn (1) is given by

¢ = (0,0,0,0, B(¢)) 3)

The non-vanishing components of the left hand side of equation

(2) for the metric (1) are given by

;o _ 387 3RS 3k
G“_iﬁ Rs | RZ
- R R RS X Kk
G1l:{;p2:f;$:?+?+ﬁ+;+ﬁ (4)
38 3IRT | 3k
Gi ==+ =

R RZ RZ
Where, an overhead dot indicates ordinary differentiation with

respect to t.

The energy momentum tensor 7;; for cloud of massive strings

with bulk viscosity is given by Landu and Lifshitz [53],
Ty = puguy — Axgxy — E@(wu; — g4
ij=01234 (5)

Here, p is the rest energy density of the cloud of strings with
particles attached to them, A is the string tension density of the
strings and ¢ is the co-efficient of bulk coefficient. If the particle
density of the configuration is denoted by £, then we have

p=p,+4 (6)

The velocity 1" describes the five-velocity, which has components
(1,0,0,0,0) for a cloud of particles and x’ represents the direction of
string that satisfies the condition

utu, = r"xl- = —1; u'x =10 (7)

So that we have

h=p, TI'=T7=T7=16,
Td =6+ (8)
T=Ty +T + T+ T3+ T =p+2f0+1
Using co-moving co-ordinates, the field equations based on

Lyra geometry (2) together with (3)-(8) for the metric (1) can
be obtained as

3R
e

3RS 3k 3 L0
tos T B =p (9)
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2R R? RS 8 Kk 357 10

R Tt as Tstptaf =49 (10)

38 3R? 3k 3,7

?—I—?—I—E—I—Eﬁ —f@-l—ﬂ. (11)
The energy conservation equation 7/, leads to

. S & a2 B .

L (.%R | S)Jr:- Ag En+3) =0 (2

And
(u

which leads to the following equation

JRal) 5 (@)~ (ol #ed"), = C 3)

2BB+2p (35 45) =0 (14

Solution of the Field equations

The field equations (9), (10) and (11) are a system of three
independent equations having six unknowns &, §, 4, ¢ f and £. To
get the determinate solution, let the deceleration parameter to be

a constant®, i.e.

RR H+H?
= —m T T b (constant) (15)
The above equation may be rewritten as
R R
2 +b i 0 (16)
On integrating Eqn (16), we get the exact solutions as
1
R(t) = (Ct + D)+ b+ -1 (17)
Or R(t) = RoeHot f b=-1

where £, I, R, and Hj are constants of integration.

We consider a power law equation because of the existence of
anisotropy for the flat and homogeneous universe and # = ;
(shear tensor). Hence we use the following polynomial relation

between the metric co-efficient.

5 =g" (18)

where n is an arbitrary constant.

Therefore, from (17) and (18), we get
S(t)= (Ct + Dh+v |
Or S(t) = Rye"Hot |
Casel: b= -1
The metric in Eqn (1) for FRW model takes the form

dr?
1—k12

ds? = di? - (Ct + D)ivs |2 +

r2(de? + Si?lzﬂd(ﬁzjl —(Cr + ﬂj‘;—hd‘jr"?
The displacement vector /7 is obtained as
_Ei
=t + D)
The expansion scalar # is obtained as
€ (n+3)

T (1+b)Ce + I

From Eqn (9), we get

2[2+H)

ey

_ 303 n+1)
P

+i
= b
(1+E)2(Cr + 0)?

I;[Ct : DJ'%[IEHC‘: F DY 36,2

From Eqn (10), we get

2b

GCE=BLC2HBnC =anC (1 +b=n)+ak(1+b)(Ct + D)1+E 4
"_2[31 nj
e (1+0Y3(Ce + D) 14D

1 ——
41+ (Ce + D)
- . - . 2b
4C2=BbC2+BnC =4nC 2 (1+b=n)+4k{1+b)*(Ct + D)1+5+4
L_2(3tn]
¢ e 21+ (Cr + D) 14k

4C(n+3)(1+B)CE + )
From Eqn (11), we get

2
403 =106CE+4nC 2 =2nC3 (1 +b=n)+Bk(1+b)3(Ce + D)1+h =
2(a+n)
1 3,2 (1+B)3(Cr + D) 4B
2(1+0)2(Ce + )2

From (23) and (25) together with (6), we get

2b
4CF=20bCE+20NCE =4 {1+b—n)+28k(1+b ) {Ct + D)LEb+

2(Z+n)
_ Fe,2(14b)2(CE + D) 2T
Pp = 4(1+b)2(ct + D)2
L k = 0, Flat model

In this Particular case, the model becomes

(19)

(20)

1)

(22)

(23)

(24)

(25)

(26)
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ds? = dt? — (Ct + DYs[dr? +

r2(d6? + Sin8dg?)] — (Ct + D)vbd¥  (27)

The energy density for this model is given by

2(3+n)

303 n+1) b DY g 5

T (1+b)E(Cr + D)R (28)

3 .,
2t

The bulk Viscosity is

4C%—8DbC24+8nC2—4nC2(1+b—n)+3¢c,2(1+b)?
_2(z4n)
(Ct +D)* 1¥b

AC(n+3)(1+b)(Ct + D)

(29)

The tension density is given by

AC2—10bC2+4nC?—2nC2(1+b—n)+3¢,2(1+b)?
2_2(3+n]|
(Ct + D)~ " 1+4b

2(1+b)2(Ct + D)2

1= (30)

The particle density is

4C2-20bC2+20nC2—4nC2(1+b—n)+3c, 2 (1+h)2
2_2(3+n)
(Ct+D)" 1+D

4(1+b)3(Ct + D)?

(31)

Pp =

1I. k = 1, Closed model

The metric for FRW model takes the form

2 2
ds? = dt? — (Ct + D)5 | + r?(d6? 4

an

Sin?6de?)| - (Ct + D)y (32)

The energy density for this model is given by

2(a+n)

i :(Et b D) aeh

303 (n+1)
T (14b)3(Ce + D)2

P

z(2+n) )
I12(cr b DY i+b 3r1*’-l (33)

The bulk Viscosity is

b
SCE-ELCEHENCE—4nC2(1+b-n)+4(1+p)3(Ce + D)1+l
2 2(3+n)
Fde, 2143 (Ce + D) 1%E

AC(n+3)1+D)CE + D)

(34)

The tension density is given by

2
4C3=10bC* +4nC?=2nC 2 (1+b=n)+8(1+b)*(Ct + D)1+D+
. . po 23t
3c, 5(1+0)3(Ce + D) 1%k

2(1+8)3(Ct + D)2

(35)
A —_—

The particle density is

2
4C3=20bC3+20nC 3 =4nC3(1+b=n)+28(1+b)*(Ct + Da+b+
. 32(3+n)

e f(Awb)E(Ce+ D) 1eh
{1+ (Ce + D)2

(36)

Pp =
L k = —1, Open model

The metric for FRW model takes the form

ds? = dt? — (Ct + D)5 [ 4 r2(d6?

n

FSin?8dg?)| - (Ct + D)iwd¥® (37)

The energy density for this model is given by

_3C%n+1) 1
P = {+py(ce + Dy + 4““’ *

Z(3+n)

2(24%n) ;
D) aeb [—12((::, + D) ab — 3clf] (38)

The bulk Viscosity is

2h
4C2-BBCE4+BnCE—AnCA(1+b-n) —4(14+0)3(Cr + DY 1FE 4
2(3+n)

3o, S(14b)E(Ce + DY 1FE
AC(n+3)1+bACe + D)

(39)
&=

The tension density is given by

2B
4C3=100C 3 +4nC3=2nC3 1+ b=n)=8(1+b)*(Cr + D)1+E+
F(3+1)

Ty (40)

3 3c, H{1+B)Ct + D)
2(1+b13(Ct + D)F

The particle density is

b
407 -20bC*+20nC* —4nC? (1+b—n)—28(1+b)*(Ce + D)1TE+
L 2atn)
Ao, 2 (1 )30 + D) 1

A(1+b)3{CE + DY

(41)

Pp =
3.2.Casell: h = —1

The metric in Eqn (1) for FRW model takes the form
dre
ds? = dt? — Rge?Hot[-2_ 4 r?(d6”

+s:‘:129d¢2}] — RImenHot gyl (42)

The displacement vector { is obtained as

ﬁx = gpe —(n+3)Hgt (43)

The expansion scalar & is

& =(n+3)H, (44)
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From Eqn (9), we get

— z 3k 3 2 —2(n+3)H,t
P—3(11+1}Hu+m—;fe [n i
From Eqn (10), we get
£g = (” + 2+ 3):’1’2 T zhl'ur _Efn€—2[|a+3]Hut
k 3 —
(n2+2n+3)H§+72 S2Hot 460 2(n+3)Hot
= [n+3)H0

From Eqn (11), we get

— 2 > 4k
A=(n +2H+Q}H0+W
The particle density is
Th 3 5 g
P = 3(5” - ﬁ}Hg + m — Ef'ge 2.n+3}HUf

I k = 0, Flat model

The metric for FRW model takes the form
ds? = dt® — Rgewﬂf[drz +r3(de? +

Cin2 gd¢2)] _ Rf,”ez”HﬂrrflIJz

The expansion scalar 4 is
# = (n+ 3)H,
The Energy density is

p=3n+1H; - —.52,5-'2(?2"'3]!:’0:

The bulk Viscosity is

:H +2rt+3_]Hn— (3€—1 n+3 g8

(r+3)Hg

&=
The String tension Density is
A=(n?+2n+9)H}

The particle density is

— 3[5?‘1 _ ﬁJHD _ _{_25,—2[n+3)H.3r
1. k = 1, Closed model
The metric for FRW model takes the form

ds? = dr? — RGe?Hot [ 4 r2(d6? +

Sr’razﬁd{pzj] — RImeBnHot gyt

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

The Energy density is
3 B 2 _arne:
= 3(n + DHE + = — 2o 2n et

The bulk Viscosity is

(n?+2n+3)H3+ —2 ;Hot 3639—2{n+3}H0t

¢= (n+3)H{J
The string tension density is
— (n2 2 4

A=(n"+2n+9)H; + REs oA

The particle density is
= 3(5n — 6)HE + 7 ::Hn! - ';'.-:',:;e 2(n+3)Hot
1L k = —1, Open model
The metric for FRW model takes the form
ds? = dt? — R3e?hot [ 4 r?(do? +
Sin?0d¢?)| - R3me 2ot d
The energy density is
= 3(; 1)H? 3 3 2 o —2(n+3)Ht
p=aln+ 0 _Rgnﬂfuf_?“

The bulk Viscosity is

(n2+2n+3)H0 m 2636—2[?‘1+3]H0t

(n+3)Hy

The tension density is

4

_ 2 2
A=(n*+ 2F1+9}HD_W
The particle density is
- T T - . .
Py = 3(5n — 6]!1'3 - I,"E:f‘? 2(n+3)H,c

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)
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Figure 1: Variation of p with t in Gyr for b= —1
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Figure 2: Variation of A with t in Gyr for b # —1
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Figure 3: Variation of p , with t in Gyr for b # -1
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Figure 5: Variation of 3,0 with t in Gyr for b # —1

Physical interpretations of the models

The physical parameters have been plotted for flat and closed
Universe. However, the model (k = —1) is not suitable to explain
the current Universe. Figure 1 depicts the behaviour of energy
density versus time. We observed that p changes sign from
negative to positive value after some finite time and reaches large
value and decreases with the time approaching a small positive
value at late times for closed model (k = —1). For a flat model
(k = 0), the energy density is negative at the initial epoch and
maintains a small positive value at an early stage, and is almost
coincident with zero at late times. Both particle density and
string tension density are always positive in the closed model (k =
1) whereas, they decrease more sharply with the cosmic time and
approaches zero in the flat model (k = 0) [Figures 2 and 3]. It is

observed that the string tension density disappears more rapidly

than particle density leaving particles only indicating the matter
dominated universe at late times as anticipated. The variation of
bulk viscosity & with time is shown in figure 4. In the flat model
(k = 0), the bulk viscosity & decreases with time leading to an
inflationary model and vanishes for infinitely large time t. In the
closed model (k = 1), £ decreases, remain positive throughout
the evolution. The function of the bulk viscosity is to retard the
expansion of the universe and since bulk viscosity decreases with
time, retardedness also decreases which supports the expansion
at a faster rate in the late stages of the evolution of the universe.
The displacement vector 3 and the expansion scalar 6 have been
found out for flat and closed models and are plotted in figure 5.
We noticed that § and 6 decrease with the increase in the age of
the universe. At the initial epoch of time, the gauge function 5 is

found to be infinite and ultimately g* — 0 when t — oo,
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Conclusions

In the present study, we investigated bulk viscous fluid attached
to the string cloud by considering a time-dependent deceleration
parameter for a five-dimensional FRW universe in the context
of Lyra Geometry. Here, we restricted our study to a constant
deceleration parameter as predicted from observation [55]. The
solutions of the model have been obtained for flat, closed, and
open bulk viscous string FRW universes in five dimensions. The
physical parameters have been plotted for b = —1. However, in the
case of b = —1, all the parameters vanish rapidly within a short
period of time. This fact indicates that the solution represents
an early era of the evolution of the universe. The incorporation
of bulk viscosity in our investigation is to replace the condition
of material distribution other than perfect fluid. The bulk
viscosity plays a significant role in the present scenario of the
evolution of the universe. So, our model will contribute to a
better understanding of spatially homogeneous and isotropic

accelerating universe [56] in five dimensions.
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