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Abstract

The Cauchy problem of the 2D fractional X-ray diffrac-
tion optics designed to describe the mathematical
model of the X-ray propagation via the imperfect
crystal has been described in terms of the matrix
integral Fredholm-Volterra equation. Using the gener-
al Green function formalism, the matrix Resolvent
solution of the Cauchy problem of the 2D fractional
X-ray diffraction optics has been built and analyzed for
the case of the coherent two-beam X-ray diffraction by
imperfect crystals under the non-locality interaction of
the X-ray with atoms of crystal medium along the
crystal thickness. In the case, when the crystal-lattice
elastic displacement field is the linear function f (R) =
ax + b, coefficients a, b = const, the analytical solution of
the 2D fractional diffraction optics Cauchy problem
has been obtained arZ analysed for arbitrary fractional

order parameter a, a (0, 1].
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1 Introduction

Normally in literature, the 2D X-ray diffraction optics theory
has been based on the dif- ferential partial-in-derivative Taka-
gi-Taupin (TT) equations when the fractional-order parame-
ter = I (see [1]). In the last decades, substantial progress has
been achieved in mathematical physics using differential
equations with fractional order derivatives [2]. Cauchy
problems for systems of fractional differential equations,
which act as a mathematics basis for various physical models
have been studied [3-7].

Following this logic, one can push one step further in the
diffraction optics theory now founded on the TT-type
equations with the fractional derivatives of the arbitrary order

ac (0, 1] along the direction 0z of the energy flow propagation

=5 O
0 g+ 2

.y v
o exp[—if(z, )]
with the Cauchy problem’s condition

( E()(ZE, O)
Eh(l',())

where
mn

d
3gtg(t) = sgn”(t — a)DZt an

is the Gerasimov-Caputo fractional derivative beginning at

point a (cf. [3]), DZy is the Riemann-Liouville fractional

(t),

within a crystal medium. In this paper, based on the technique
of double Fourier-Laplace transform, the integral matrix
Fredholm-Volterra equation of the second kind is derived,
which is equivalent to the two- dimensional Cauchy problem
of diffractive optics. The work goal is to develop the integral
formalism of the two-dimensional theory of diffractive optics,
previously proposed by the authors [10], based on the fraction-
al Cauchy problem. In the case, when the imperfect crystal
displacement field function f (R) is a linear function of x,
namely: f(R) = ax + b, and a, b = const, one finds out an analyt-
ical solution of the Cauchy problem for an arbitrary fraction-
al-order parameter (FOP) a, a € (0, 1].

Accordingly, the original system of fractional diffraction optics

equations takes the form (cf. [7])

) (R ) g

)+ () e

n—1<v<n, neN, (3)

integro-differential operator of order v is equal to

sgn(y — a) ] g(s)ds
Dayg(y) = , v<0,
and for v > 0 the operator DZy can be determined by recursive relation
v d v—1
Dayg(y) = senly —a)7 D, "gly), v 20, (4)

I'(2) is the Euler gamma-function, ¢ (x) and ¢, (x) are the given
real-valued functions.

Note that in the limit case of the FOP « = I the operator 95,g(¢)
reduces to the

standard derivative % g(t).dt

The main point of this paper is to solve the boundary-valued

Cauchy's problem in the 2D ’fractional’ X-ray diffraction
crystal optics taking into account the non-locality of the
X-ray-crystal medium interaction.

The paper is organized as follows: Section 1 contains an
introductory part, in which the purpose and ideology of the
work are explained.
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In Section 2, using the method of dou- ble Fourier-Laplace
integral transform, Cauchy's problem is reduced to the
Fredholm- Volterra integral matrix equation of the second
kind.

In Section 3, an explicit solution of Cauchy's problem (1) - (2)

is obtained in the case of a linear function f(R).

2 Reducing Cauchy's problem to the matrix
integral Fredholm- Volterra equation

Let us convert the Cauchy problem in the ’differential
derivative' form (1)-(2) to the Fredholm- Volterra-type
integral matrix equation of the second kind. The construction
of the

resolvent of this equationin terms of a Liouville-

0 — iy 0
0 0% —iry
where
(8% (6% a «
O+ = Uot + a_xa Of

In Section 4, it is shown that in the case of constant initial
amplitudes (conditions of Cauchy's problem), this solution is
expressed through two-parameter Mittag-Leftler functions. In
Section 5, conclusions are presented regarding the prospects of
the considered theoretical

approach to modeling

two-dimensional X-ray diffraction scattering.

Neumann series is of great importance for computer modeling
and subsequent reconstruction of the crystal displacement
field function f(R) from X-ray diffraction microtomography
data.

The system of differential TT-type equations (1) may be

rewritten into the form

) E = iocKE, (5)
L0
ot %7

0 eif(x,t)
E = E(x, t) == Eh($ t) ) K= K($7 t) - efif(m,t) 0 ’

Acting onto both sides of (5) by the operator diag(O$ — i,

is the solution of Eq. (5) and K? is equal to Unit matrix, one can

0 — iv),taking into account that the column vector E = E(x, )  obtain
(0% —iv)(0* — i) + o? 0 E—
0 (07— 7)(0% — i7) + o
=io (05, +if.) (KE) —icK (05,E) . (6)

Further, we denote the Fourier transform of the function f{x)
by (f(x)),, the Laplace transform of the function g(t) by (g( t))P,

and respectively, the double Fourier-Laplace transform of the

function h(x, t) by (h(x, t))k’p.
Using the following formula for the Laplace transform of the

fractional derivative

05 H (, t)]p = p*[H(x, t)]p - pa_lH(xa 0),

one can get
[OLH (2,1)]p

Keeping in mind Eq. (7), and applying the double

= (p® £ ik)[H (x, )]k

_pail[H(xvo)]kv <7>

Fourier-Laplace transform to Eq. (6), one obtains
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( Eo(xat) ) _ pa_l %
Ep(z,t) kp (p® —iv)? + k2 + o2
pe — iy + ik 0 Eo(z,0) (@R, (2,0)
% {( 0 P — iy — zk) (Eh(x, 0)/, T e~ @0 Ey(x,0) N +
N 1 o +if! 0 ioe Ep(x,t) '\
(p® —iv)? + k2 + o2 0 o5, +ifs ioce " Ey(x,t)

B 0 ioeV 05 FEo(x,t) (8)
ioce™ 0 08 Ep(z,t) ey

Applying the Efros theorem for operational calculus, the formula for the Laplace trans- form of the Wright function [2, 3]

(" $(=B, s —ty ™)), =p P, (9)

the following well-known integrals

T coskx T
———dk = —e™ " 10
0

1T oe/rre g
— [ € <L _ (0\/1&2 - x2) ot — |z|), (11)
2m \/p? + o2

100

the inverse Fourier-Laplace transform for the relation (8) takes the form
E(z,t) = (A""E(z,1))(z,t) + (B*"E(z,0))(z, 1), (12)

where
t

(A“E(x,t))(z,t) = —io/dv Ki(x, t;u, v)E(u, v)du—

0 —00
—io / D Gor (7 — u, ) K (u, 0)E(u, 0)du, (13)

(B¥"E(x,0))(z,t) = — / DGy (z — u, t)E(u, 0)du—

—iy / DS Gor( — u, t)E(u, 0)du + ( (1) _01 ) /DgthM(x —u, t)E'(u,0)du+

+io / DS Gon( — u, ) K (u, 0)E(u, 0)du, (14)

Ki(z, t;u,v) = DoyGorn(z —u,t —v) - K(u,v)+

SCIENTIFIC EMINENCE GROUP | www.scientificeminencegroup.com Volume 3 Issue 1



World J Adv Appl Phys Math Theo

+if, (u,v) - Gaqy(z —u,t —v)K(u,v) + Doy [Gopy (2 — u, t — v)K(u,v)],

O(x) is the Heaviside function, Jy(x) is the zero-order Bessel function,

00
Zk

O, pi2) = WT(k 1 )’

k=0
is the Wright function (see, e,g., [3]), and

o0

Gon(z,t) = 1/e”TJO <0m> %gzﬁ <—a,0; —l) dr

2

||
is the Green function introduced in [7].

Taking into account Egs. (13), (14), the integral matrix equation

t o]

E(x,t) —i—ia/dv / Ki(z,t;u,v)E(u,v)du = F(z,t),

0

where

o0

g>-1, peC

i (15)

(12) may be to reduce

(16)

F(z,t) = (B*E(z,0))(z,t) —io / D5 Gon( — u, ) K (u, 0)E(u, 0)du.

—0o0

Thus, according to Eq. (16), the Cauchy problem for the matrix
Eq. (1) is reduced to the system of Fredholm-Volterra integral

equations.

t +oo

The unique solution of the matrix integral equation (16) has the

form

Emwszw—w//Rmmamwawwm

where
o

R(I, t; 57 77) - Z(_i0>nKn+l ($, l; 67 77)7

n=0

t [e%¢)
Kn(%t;fﬂ?) :/dv/Kn_l(:c,t;u,U)Kl(u,v;f,n)du.
n —00

The convergence of series (17) can be easily established from the

3 The Cauchy problem. The crystal-lattice
displacement field function f (R) =ax + b

Here we will build up a solution of the basic fractional Cauchy
problem when the crystal- lattice displacement field function f (R)

=ax+b.

properties of function (15).

After trivial exponentional substitutions for the wave amplitudes
E (x, t), Eh(x, t), the system (1) can written down as (for simplicity,
further, the same notations for the wave amplitudes E (x, t), Eh(x,

t), are to be saved)
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0 .
(36— ) Bont) = i Eafist) + i By,

0 (18)
(8& + %> Ey(z,t) = ioce " Ey(x,t) + iy Ep(x,t).
Substituting the functions Ey(z,t), En(z,t) as
.ax .ax
Bow,t) = exp (i% ) &l ), Bulw,t) = exp (=i ) Enla, ),
one obtains
0
Gﬁ——)&@ﬁ:i@+9yw%w+w&@@,
o ’ (19)

le' a . . a
(35 + 2 ) utont) = ou(ont) +4 (3 + 5) Eat ),

and the initial wavefield amplitudes condition

(&) = (08 = (el ). om0

Then, let us introduce the notations

r@ﬂ:%/@@ﬂm@ﬂm+m@@, (21)
||
—0 Ji (072 — 22) ioJo(oVT? — 22)
Qlr,7) = [ ioJo(oV/T? — x2) —0 %jfﬁ J1 (072 — 22) ] ’ (22)
roe.) = (e o) | *57 o | 23)
ety+a/2)T
g(t,7) = " 10) (—04707 Tt a) ,

O(x) is the Heaviside function, J (z) is the m-order Bessel  the Cauchy problem (19) - (20) has the form

function of the argument z. According to [9], the solution of

e(w.t) = [ Dy - €w(e)de, (24)

in the class of function

9wty e C9).

E(x,t) € C(Q), 5E(x,t), o

where () = [¢o(z), Yn(2)]"" € C(—00,00) is the following relation as |x| > o

function, which satisfies the Holder’s condition, and the
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U(w) = Olexplplel)), e==—, p<(1-a)aT ).

Underline the solution to the Cauchy problem (19) - (20) is unique in the class of functions, which satisfy the condition
E(x,1) = O(exp(klo])), as o] = oo,

for some k > 0. problem (18), (2) can be cast into the form
From Egs. (20) - (24) it follows the solution of the Cauchy

Bot) = [ Df Gl & Dp(€)de, 29

where the following notations are introduced

o0

1
Gle.&.t) =5 [ oltmIS(. € Tdr + Gule&.0) (26)
lz—¢|
S(e.bm) —aemxlﬂ—%ﬁ(%hﬂﬂX1) ioe®X2/2ho (1, X1)
) So - io.e—ian/2h0(T7X1> _O.e—iaXl/Q T+X1 h1<T,X1) P

ho(7, X1) = Jo(on/ 72 — X3), (7, X1) = Ji(oy/ 72 — X3)

-y X1Q(_
Go(z, &, t) = {6 Y 65( X)) eivxlg()ﬁ)} %975 (—04,0;—|X1|t_a)7 (27)

Xlzx_€> X2:x+€

4 Case of the function f(R) =ax+ b and wavefield amplitudes EO(x,0) and Eh(x,0) are constant and
E0(x,0) =1, Eh(x,0) =0 equal to

Let us consider the case when the initial conditions for the

Eo(2,0) = po(z) =1, Ep(x,0) = ¢p(x) =0. (28)

Then, the formulae (25)-(27) can be simplified and expressed  Keeping in mind Eq. (28), Eq. (25) for E(x, t) can be written

in terms of the Mittag— Leffler-type functions. down as
E(.I‘,t) / DgtilG(xaé.at) ( (1) ) d§ =
1 a—1 1
= [ae [ ittt msen () art
-0 Jz—¢]
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1
By changing the integration order, let us evaluate the integral I(x )

r+T

/D tTdT/S(x,g,T)((1)>dg_

r—T

- %7pgt—1g(t,7)d7]8(m,x —n,7) ( (1) ) dn. (30)

-7

Let’s calculate the integrals involved in the representation of the term I (x, t). We will need

/ T cos < T2 — n2> Jo (om)dn = %sin (kT), (31)

[ (o) 3\ g 1 1
\/ﬁ cos <p T2 — ) dn = o cos(pr) — — cos (kT), (32)
0

oT
where k = /o2 + p2.

Using formula (32), one can obtain

/sin (p 72 — 772> Jy (on) dn = %sin(pr) — é sin(kT). (33)

From the Eqgs. (31)—(33), it directly follows up

T

/511,22(31:, r—n,T)dn = —0 eFian/2 \/71 (o712 —n?)dn =

-7

= 2cos(kT) — i% sin(kt) — 2e797/2, (34)
/512,21(35, T —n,7)dn = ice*"" / eFian/2 Iy (gr/72 — n2)dn =
. 2 +iax _:
=iore “sin(kT), (35)
where Sij (x, x — , T) (i, j = 1, 2) are the elements of matrix S(x, x —n, 7);and

k=+/a?/4+ o2
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Next, after some routine calculations, from (30), (34) and (35) one obtains

I (x, 1) = 775—% (—a,1 — a; —7t~) Nz, ) ( ; > dr, (36)

where
N(z,7) = Ny(2)e @7 4 Ny(z)ela—H7 — ( (1) (1) ) s

_ L1y e
Nl,?(l‘) - 5 ( :l:%e—iax 1:F % )

where a; =y + 3.
From (27) one finds out

Iy(z,t) = /t_o‘¢ (—a,1—a;—nt™*) " ( (1) ) dn. (37)
0

It is known that following Stankovic’s transformation integral (see [2,3])
o0
/exp()\T)t”_lng (—,u, v; —Tt_") dr =t"" 1B, i, (M) (38)
0

takes place for any A € C, € (0,1), v € R,

where
S e
Epu(z) =
ol
“— I'(p+ pk)
is the Mittag-Leffler-type function [8]. Applying formula (38) to equalities (36) and (37), the total
solution (29) can be cast into the form
1/1—-24& 14+ 2 Eoq(i(a; + k)t
E(xvt) =3 g —i%’; o _'11121112 ! (( ' i ) a> . (39)
2 E@ —EG Ea71 (z(al — k?)t )
Using the properties of a Mittag-Leftler type function, it is of Cauchy's problem (18).

easy to show that function (39) provides the proper solution In the case when the FOP & > 1, in view of the relation

E11(z) = exp(2),
the total solution (39) is reduced to (cf. [7])

1/1— 2 14+ 4 eilar+k)t
E(z,t) = B < %e—z%]i« _%e—z%l; ) ( i(a—k)t | - (40)
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5 Conclusion

In this paper, the goal of the study is to elaborate the
mathematics model for describing the X-ray propagating via
imperfect crystals under the non-locality interaction of the X-
ray wave field with atoms of crystal medium that probably can
be important for digital decoding the nm-scale crystal defects
in the computer X-ray diffraction microtomography (cf., [1]).
The Cauchy problem of the 2D fractional X-ray diffraction
optics designed to describe the mathematical model of the
X-ray propagation via the imperfect crystal has been described
in terms of the matrix integral Fredholm-Volterra equation.
The matrix Resolvent solution of the Cauchy problem in the
2D fractional X-ray diffraction optics has been built and
analyzed for the case of the coherent two-beam X-ray
diffraction by imperfect crystals under the non-locality
interaction of the X-ray with atoms of crystal medium along
the crystal thickness. It is shown that in the case, when the
fractional order parameter (FOP) a = 1, the results obtained
have been directly suitable to the mathematical model used of
the 2D standard X-ray diffraction optics used in the computer
X-ray diffraction microtomography (cf. [7]). Solving the
fractional integral-derivative Cauchy problem above presented
should be considered as some attempt to take into account the
non-locality of the X-photon-atoms interaction in theory of
X-ray diffraction crystal microtomography of crystals. To be
noticed, the further development and improvement of the

theory are a good topic for future work.
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