XY
J'SCIENTIFIC

' //EMINENCE GROUP

2
/

\

Open Access

World Journal of Advances in Applied Physics and Mathematical Theories

Vertical Flight with Variable Thrust in Homogeneous Atmosphere

SN Maitra*

Head of Mathematics Department, National Defense Academy, Khadakwasla, Pune -411023(MS), India

*Corresponding Author

SN Maitra, Head of Mathematics Department, National
Defense Academy, Khadakwasla, Pune -411023(MS), India,

Email: soumen_maitra@yahoo.co.in

Citation

SN Maitra (2022) Vertical Flight with Variable Thrust in
Homogeneous Atmosphere. World ] Adv Appl Phys Math
Theo 1: 1-8

Publication Dates

Received date: July 01, 2022
Accepted date: July 26, 2022
Published date: July 28, 2022

Abstract

A rocket/ space vehicle is constrained to fly vertically in
atmosphere and gravitational space, in the first case with
uniform acceleration with the help of a variable thrust
program and in the second case with exponentially time-
varying velocity. In either case endurance, ie, time of flight,
burnout velocity, burnout altitude ,over-all altitude attained
and the controlled thrust are determined. Also evaluated
is the propellant mass consumption. Finally some more

problems of variable thrust are posed and solved.
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Background

Angelo Miele [1]analyzed various kinds of flight including verti-
cal flight of rocket with constant thrust and thereafter with con-
stant thrust-to-weight ratio. He [1] dwelt with performance of
sounding rocket which soars into space reaching a high altitude
overcoming atmospheric drag and gravitational pull where air
density decreases as the height increases obeying exponential
law and incorporated optimum thrust programming for vertical
flight of a rocket.Shaver [2], R.D solved a problem of two-stage
sounding rocket.SN Maitra [3] (present author)innovated and
solved a problem of vertical flight of a multistage rocket in vac-
uum maneuvering the same constant thrust in all the stages.SN
Maitra* worked out analytical solutions to rocket performance
in vacuum with an arbitrary thrust program having a constant

thrust inclination with respect to the horizon.

In this paper a variable thrust is programmed in such a way that
the rocket is launched with an initial velocity from the Earth’s
surface and travels vertically upwards with a uniform acceler-
ation, obviously overcoming the drag and Page 2 gravitational
force. Thus the equations' of motion of the rocket for vertical

flight are written as

m% =T-D-mg (1)
=V (2)

D=KpV* 3)

dh

==V

v 4

% . (4)

where V denotes the velocity, f the acceleration, m the mass ,T
the thrust and h the height at time t, my the initial mass of the
rocket, D the drag, Vi the exit velocity

ie,the velocity with which gases are ejected from the nozzles of
the rocket, Kpthe drag factor and g the acceleration due to
gravity and V, the initial velocity. Equation (4) subject to the

initial conditions as mentioned above yields

V=V, + ft, h= Vt +ft° (5)

Equations of Motion With Uniform Acceleration
Combining equations (1) to (4), we get
dm _ _mf— _ 2 6
Vg = —mi-mg—KpV (6)
Combining (4) and (6) and simplifying is obtained

wt(1+D)5 =

_ Epv?
Ve (7)
which can be solved in conformity with the initial and burnout

conditions
At t=0, m= m,. V=V and h = 0. (g)
Att:th.m = My, Vv :‘.fh h= h-h
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= [‘:
Witha=(1 +£) - and A= )

Ve g
equation (7) reduces to the form

dm -
— 4+ am = —AV-
dv (10)

Solutions to the Equations Leading to Burnout
Conditions

To solve equation (10) we require an integrating factor

LE= gl 28V = &V (11)
Multiplying (10) by (11) and taking up the solution to (10)
utilizing the initial conditions (8) is obtained

dme?¥ )

dv

—AVIg av

r ¥ oo i v 2
me® —mge®e =—4 [ Vie?dv=—4 {+ - fp & ?d'll"}
[ m

(Integrating by parts)
V:Eu Y _1;5 g L) o av av " .
—_ —_— - v LI/ ay
=—A[ - = (Ve?' — Ve fy, e avy
2V _y2gaVn s i - g1 _ gy
:_‘.f!'_[_ . 0 _;{veﬂ.\. _vneﬂ.l-n _ . }

i rzgaV _yrdgavy a itV _ g aVy
m=mge* Vo~V A[‘+ -2 {Vew R P .

e a2

a
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Or, using (5) one gets

m=mpe~*F _4 [‘%—é{‘f—?ﬂe‘m _ L—z'n}]

(Vy+fr )2 -Vig-alt

m=mne—nh ooy [Lvu+ s %{vn[l s e—al‘t} e -7

which gives the mass-variation law ie mass of the rocket at
time t due to page 4 propellant consumption during the flight
with uniform acceleration. Therefore, the propellant mass

consumption at time t is given by

p(t) = mg —m =
{1 — o7} 4 4 [L IV 2 fy (3 gma) g 0]
(14)

Once knowing the propellant mass

plty ) burnout time t, and burnout mass my, can be found out from equation (14),

Combining (2) ,(13) and (6),0ne gets the instantaneous time-

varying thrust

T(t)=m(g+f)+K} Ve

A ["’“ +ft 12_ylemalt

a

— i{vﬂ'{l _ E—;ﬁ} Lft _ L_EE_ }]]nne_“&

+K,(V, + ft)°

a>1  (15)

V=Vp +fty and hbzﬁ-rnth +$ ft3 (16)

The rocket rises further overcoming atmospheric drag and
gravitational pull till it comes to rest. Hence , further height
attained by the rocket is due to no thrust but due to the burnout
velocity as its initial velocity that helps further upward flight
against gravitational and atmospheric resistances for which the

relevant equations of motion are

dv d? vﬂ_‘- KI.‘I"":

i=ae= dn="Cmy g (17)
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where vand h are velocity and altitude after time t of its reaching
the burnout position and m, the mass of the rocket at burnout
position followed by closure of the propellant chamber ie with
the rocket engine shut off. Hence solution to equation (17)
employing thereof initial conditions

Att=0, v=v,, m=m, and h=0_: (18)

dv E‘:l:-
= L) (19)
Ep, _ E‘E|_-. n—L0v (o _ -iv [ EBo
Or,mht—u,m {(tan u;mh] tan Jzm))
| ﬂ—LlL‘h |£]—tat1_1"1" —_—
Or, t=, gk L vems)} (20)
. [Fo N o
Or, tan™ " -,IIE =0- \JI m, U Whereg —tan  Wamy'"B
(20.1)
—
dh [Ebpon 5 _ [EfD
Or,E—V Y B H(E W mp t)

H’.: . [EEp
| IvHp—tan| § 9]
[emn b i,
OI',V '-,'I B 1+tan _Llltllvg_rnlLl";h (21)

b

which reveals the velocity at any instant of time t. Further
integration subject to the initial conditions (18) gives the altitude

at time t:

—
h:?:_:: {logcos (5 - \Jl’ﬁ” t ] — log cos 8}

my

my nnslﬁ—‘meht)
Ko log o (Because of(21))
(T = '_
My EKp K
e N e N ER (22)
Page 6

Otherwise h as a function of v is obtained from (17):

(23)

Now putting v=0 in (20) and(21) and combining with (16)

are obtained the total time of flight t. and the overall height h,

attained as

— —
t=t + |ﬂ {taﬂ—ll‘-‘h |KA]
£ ) 2Ry y Emp
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[my, —1iVg+fry) [ Bo
Or, tf:tb_l_Jﬁ {tan o ‘-,IIE} (24)

(Vg+ftp 1 Ky

L . 51] ¥
h,= =Vgty *3 ft + log(1 + ) (25)

mpE

Thrust/Mass- Variation Law For Space Vehicle Causing
Exponential Increase in Velocity During Vertical Flight
in Atmosphere

In this section accomplishing a time-varying thrust program that
makes the velocity increase exponentially with respect to time
during flight overcoming atmospheric and gravitational force,
we have with as usual notations:

dv

ot = = ot —
= Vplte™ =
b ﬂt D

V=V & o (26)
Where o is constant V  the initial velocity and v the velocity

attime t.

Hence the equation of motion of the rocket is given by

dvw

me =T —mg - Kpv? 27)

Equating (27) to (26) and putting the appropriate expression (2)
for thrust T and simplifying is obtained

dv]

The above integral cannot be evaluated in close form but can

be evaluated by term-by-term integration after expanding the
L r|

g
exponential function in infinite series leading to

X o8 Yo g
Meve (v)avg — myeVE (vy)=vg

oo (B

B
“""Ii"l — g¥E {v:ll'l+tt'*'|i’

. ;
By . — [L+
=f[g“{"’n]'

i{ljr {u]ﬁ'}du (30)
Yo =L or Vi

Or, m

r g wooog v () B

o7 (v)evg = moe i (vy)evg + 2 [l e — Vi@

Avaws)  altavg)
+(J_ + E jl [wit o¥g [wg) CLTEES
aVg { 1+ L+
) oY a¥E
0 L 0 b
[rets— [re1s——
—— v =V Vo r =VE'

1 (31)

r=1 !r|v|5|r|r+L+EE‘,— Irivg) |r+L+—5—
E

which gives the mass-variation law for flying with exponentially

increasing velocity.

=20

oyt

Yo

Page7 If @ in (29) is adjusted as

i Page8
d_ﬂ-_'_— (J_ + i) m =
dv ar a= ) v = gt/ Ve

Ve B’ Vo€ (32)
w
LE = .|—|rJ.+ E_Ir""i]ng"*l—ev_uvg-"‘-'lsﬁ
then it evolves close form solutions:
Hence solution to equation (28) with the initial conditions _ i i
x w oo ogg T S
At t=0, v=v; , m=my and h=0, me'Ey — mpeEvy = "' L (evEvy® —evEpT + 2 _I:'.n evEvd)
(29)
. . _E
] o g —Bo P prg e () )
Mgve (v)avg — myeE (vp)evy ~ gvg Vo & (v} “Vedy (Integrating parts)
Loom o wm o
(Integrating by parts) meVE v — mye Vlivn_ [evEvy® —evEvT 49
'{' m f '{'
¥ (127 . & Jplve'E —vpe'eE | — 2 [ Vpe'Edv}
K” l- |.|:'> A l-_ll l-L+|.|:'.- g v ryf |-' mh E ( o ] E

[e { ] e — gVE(y,) E ]fn E(v)=ve

dv] . . .
VeKp - im = i
= {eVEvy® —eVEv® + 2V (veVE — vpe'E) — 2V~ (eVE — ¥k}

X (g 20 i} _‘.‘L £
Eo (g vg) 7V - e¥e ) ) E) T @)
o o or,

I R i L
m(v) = 200 TV 4 TR g (2vpy — 2" — v el
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. P . &
—(2voVg — 2Vg" — vp?) Zeve Je v 33

Using (24) and(25), one gets mass of the rocket at time t:

Vg u Y ) Atr, 2 —EEW ypeBt/VE
mye =f-|e'-| gL "K'J{{'D‘if —""‘Zs '_vnggr”)e Vi
L]
.1 vo-gt _ wqett/VE (34)
—(2Vg-2vg® S —vp)e E Je
o

which stands for mass-variation law under the situation

mentioned above.

Hence the propellant consumption m _at time t becomes

vqeBLVE

—Eb v wt/VE_
- ) =R ((2Vees e — 2V g —voet/TE)e Ve

—eVEegVE ) — Yebp K”

vp -]

_{EVDvE - sz: - VD:}EVH le vE (35)
Page 9

Solving (26) utilizing the initial conditions (28) is obtained the
w .
height h(t) attained h = (&™ — 1) (36)

In case of situation (30) the height risen is
Ve, Ve ;
e CUALE Y

(37)

In consequence of (26),(27)and (34),the thrust can be expressed

as function of time t:

2 cHUYE
0 REVE_y wLK aylpmRLVE - pe= - =
Mg =f-|e\p| +¥{(2VE _'-—_vngsf "I]E VE
E v
i vo-ut _wpettVE ; o
_ (EVE _ 2VE_-é _VD) e 'E Je vy ](‘:_Iﬂ 29t Ve 4 'J.) g + Kpvy 2! Ve
(38)

Therefore , in order to fly the rocket vertically upwards with
exponentially increasing velocity/acceleration with respect to
time ,the thrust program has to be maneuvered according to
equation(38) and the consequent rate of propellant consumption
i<
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Burnout Conditions with Exponentially Time-Varying
Velocity

If t, be time taken by the rocket to exhaust the propellant mass
or otherwise the time reckoned to shut off the rocket engine,
let us denote the velocity, rocket mass and the propellant mass
consumed at that instant respectively by v, called burnout
velocity ,m, and m . Then burnout time t, can be found out by
P

graphical method or otherwise, given the numerical values, from
(30) which purports : at t=t, , v=v, ,m=m, and m =m_ In view
of the forgoing analysis and in the light of relationship (31) and
(22), the rocket,till the propellant is exhausted or the engine is
shut off, gains height and velocity so that

Page 10

h, =— (e — 1) (40)

— oty
Vi=Vpe

Thereafter it will continue to ascend with the help of its initial
velocity v, given by (40) against gravity and atmospheric drag
till it comes to rest and the subsequent equations of motion and
their solutions can be obtained as are available in the previous
section refereeing to (20) and (21).Hence in this case the greatest

height attained and the total time taken for the same are given by

viK
h=h 3 los(L+0) =
, 41
%{Eth J.:|+—ng{J_-I— h:Hu] (41)
t =t + En b rean =L (vos™ e I'E} (42)
y) EEn W EMh

where my, can be obtained in terms of v, which in turn in terms
of th using equation(29),vis-a-vis,replacing m and t respectively
by mypand ty .Or otherwise My can be estimated as the gross
mass of the rocket minus the propellant mass intake if the same
is consumed or minus the propellant mass consumed at the time

of the rocket engine having been shut off.

Motion of Rocket with Uniform Velocity During Propellant
Consumption

In this mission conforming to as usual notations in the light of
preceding text, equations of motion of the rocket with velocity v,
thrust T and height h at time t can be set forth as

dh

Ly

dt (43)
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dm

_vEF:T: mg-I—KDv:

(44)

Eliminating t between (43) and (44) we get

Page 11
ﬂ;.-, _ mg+E{|_-.1.':
dh Wi (45)

which is integrated subject to the initial conditions

At t=0, h=0 , m=my (46)

"'1'1|-?|.: My E+ E';|_'|"r":
h= £ log mg+Epv?

1

(v=constant)

ah

my g+ Ep v — e"VE

Or,

mg+EKpvw?

_h
mg + Kpv? = (mog + Kpvi)e V%

uh L

m=mye “E—-Kpv'(l—e ""E] (Becauseh=vt)

m |l

-3 -1

Or’ m:mbe_'r'ﬁ _EKDV:{J‘ —_ E_ ""I-::l (47)

which is the mass -variation law for flying the rocket with
uniform velocity v and the propellant mass consumed at that

time t is obtained as

_EL _u
P=my —m =my (1 —& "'HJ +-Epvil—e "E] (48)

Hence the time-varying thrust is obtained in consequence of
(44) and (47)as

_Eb
T=(mog + Kpv2)e '

(48.1)

Rocket Flight with Thrust Held Equal to Drag

If thrust is held equal to the drag, with as usual notations
Ve G =KoV (49)
Or, V=V, —gt (50)

Substituting (50) into (49), we get

Pagel2

= Kp(Vo — ) (51)
Or’m:mn—;ﬁﬂﬁ:{nmﬂ—{m—gﬂ!} (52)
Or, m = my —ﬁxn{svngt{vn —gt) + (gt)*} (53)

Hence the propellant mass consumption at any instant of time

=+

t: Pr=p=3zv, KD{EvDEtWD - Eﬂ + {Et]!} (54)

gives the mass—variation law. From (53) t can be expressed as
a function of m: 3V,gt(V, — gt} + (gt)® =3gVg({m, — m)/Kp

Or, (V; — g% = V,* — 3gVe(mg—m)/Kp

al. =
af . b L § . 1 . —w
V¥ — 28V mg—m) /Ky L 3EVE(Pr=0)/Kn

1.‘;“ —
Ornt = i

g g

(55)

As earlier, the propellant intake or the propellant mass consumed
with the engine shut off is obtained from (54) replacing t by t, and
Pr=p bY pyand mass m of the rocket by m, Owing to equation
(49)/(50) the time-varying thrust to be executed is
. [T

T=Kp(Vy —gt)” Oort =(V, - \JIE)/g (56)
Following the foregoing analysis ,burning time, burnout mass,
propellant mass consumed, burnout velocity, burnout altitude

are given by

Ay 3 ,
Vo= Vo™= 22peVe/Kp

tp = (57)
g
———Kp{3Vogts (V, — gty) + (gts)°}
Mp _ My ~ zoy, D oEn Ve — Bl Elh (58)
——Kp{3V,e(V, — gty) + (gty)%)
pii'z !g‘ﬁ.: D DE o b b (59)
Pagel3
L "
Vi = Vo — gty h=Vols 73 gt (60)

After reaching the burnout position the movement continues in
the same direction against gravity and atmospheric drag with the
initial velocity and height as above till its velocity vanishes and as
such the velocity, height and time of flight after time t of arriving

at burnout position are obtained recalling equations(17) to (23.
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Motion of Rocket with Thrust Equated to Gravitational
Force

Herein the equations of motion applying thrust equal to the

gravitational force are presented with as usual notations as

dm
T=—Ve 5 =ms (61)
m% = T— mg—Kpv® =—Kpv’ (62)
dv  EpVev®
Or’dm: mg (63)

Integrating (63) and (61) resorting to the initial conditions: at
time t =0, velocity v=vg. mass m = my, h=0, the instantaneous
velocity, mass, propellant mass consumption p and height of the

rocket are given by

koVe(- ) =9 (-3

—at —ut
m=mye"t , p = my(l—e"e)

(64)
(65)

Due to (61) and (65),the controlled thrust is exponentially
decreasing function of time t:

—ut

sznge"'li (66)

Page 14

Eliminating m between (62) and (65), solving the resulting
equation subject to the initial conditions as above, we get

. gt AR
ﬁzﬁev,{

dt Mg

17 mt
Or, S== Kl (e¥e — 1)

T T (67)
cat
dr _ VMg E VpmpgevE
OI‘ vV = dt - %'_I' = __H‘L
? Mg 2+v KEpVE(e¥YE-L) (mg E-vpKp Ve 1eVE +vg KpVi
(68)

Mg
1 - =
V'V =

Or, h = (m, g—v, ViEp 1108(my g—v B Vi 16 TE +vg Bp Vi)

1

Vevpmy
, Cht

- . vpkpYE — vphpYE
=mq g-voViekp 108((1- mog Bt mog )

1

VEvgm B kv, T2
Or. h= &10 (E"'I-: L L PLA 4 R o |
> mg g-voVi Kp 08 Mok A J

(69)

= Vo BpWVE [ =
et +———|1- E"":]<1 so that VoK VE < mog

mp 2

which ensures h>0.

Given the propellant mass consumption py, ,from equation from

(65),the burning time is obtained as

Iy
(Mg—ph)

which can be substituted in (68) and (69); burnout velocity vy,
and burnout altitude by, can be determined. As earlier in line
with some relevant foregoing equations, the total time of flight

and the greatest height of the rocket can also
pagel5

be found out. Relationship (70) suggests that given the propellant
mass and other parameters, greater the initial gross mass my of
the rocket, greater is the burning time ;, of the propellant mass.
Similarly equation (67) indicates that the instantaneous velocity
v is greater when the initial mass my, , which is also called lift- off

mass,taken in the rocket is greater.
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